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The Big Picture

Embedding
p→μ[p]

Independence test
I(x,y)=||μ[p(x,y)]-μ[p(x)p(y)]||

Transduction
p(y|xtrain) vs. p(y|xtest)

Covariate Shift
Correction

Compliers
missing labels

Structured R.V.
Hammersley Clifford

Density estimation
find μ[q] close to μ[p]

Two sample test
||μ[p]-μ[q]||

MaxEnt
MAP Estimation

Mixture
Models

Kernelized Sorting
Permute Y to maximize I(x,y)

Conditional
Independence

Feature Selection
maximizes I(xs,y)

Feature Generation
maximizey I(x,y)

(Kernel) PCA
scalar y

Clustering
discrete y

(Colored) MVU
arbitrary y
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Outline

1 Independent Component Analysis

2 Feature Selection

3 Clustering and Feature Extraction

4 Nonparametric Sorting

5 Colored Maximum Variance Unfolding
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Blind Source Separation

Data
w = Ms, where all si are mutually independent.

The Cocktail Party Problem

Task
Recover the sources S and mixing matrix M given W .
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Basic Idea

Dependence Minimization
Find matrix M such that the coordinates of w = Mx are as
independent as possible.

Objective Function
tr HKHL

Here K is the kernel matrix of the first coordinate of w and L
is that of the second one.
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Independent Component Analysis

Whitening
Rotate, center, and whiten data before separation.

Optimization
We cannot recover scale of data anyway.
Need to find orthogonal matrix U such that Uw = s.
Optimization on the Stiefel manifold.
Do this by a Newton method on manifolds.

Bag of Tricks
Kernel matrix is huge =⇒ use reduced rank expansion

tr H(AA>)H(BB>) =
∥∥A>HB

∥∥2 instead of tr HKHL.

Laplace kernel works best for audio (cheap to compute).
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Speed
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Precision
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Robustness with random initialization
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Outlier Robustness
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Extensions

Problem
For audio data or images the sequence / lattice of
observations is not independent.

Solution
Treat the entire sequence as one random variable. Use the
decomposition into cliques. That is, we have

φ(x) = (. . . , φτ (xt , . . . , xt+τ ), . . .)

Practical Consequence
Use extended sequences (xt , . . . , xt+τ ) and (yt , . . . , yt+τ )
to construct kernel matrices K and L.
Generalizes the TD-SEP ICA algorithms.
Works well.
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Outline
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3 Clustering and Feature Extraction

4 Nonparametric Sorting

5 Colored Maximum Variance Unfolding
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Feature Selection

The Problem
Large number of features (e.g. genes in a microarray)
Select a small subset of them

Basic Idea
Given labels Y find features such that the distributions
on X and Y are as dependent as possible.
Use the Hilbert Schmidt Criterion for that.
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Recursive Feature Elimination

Algorithm
Start with full set of features
Adjust kernel width to pick up maximum discrepancy
Find feature which decreases dissimilarity the least
Remove this feature
Repeat

Applications
Binary classification
Multiclass
Regression
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Special Cases
Pearson Correlation

Use linear kernel and renormalize by variances
Mean Difference

Renormalize by sample size
t-statistic

Renormalize by overall variance, coordinate wise
Signal to noise ratio

Renormalize by sum over variances, coordinate wise
Kernel Target Alignment

Very similar but broken centering and normalization
Recursive Feature Elimination

Perform penalized LMS regression and score by minimum
value of penalized log-likelihood. Equivalent to kernel

K (K + λ1)−1
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Comparison to other feature selectors

Synthetic Data
Classification error after feature selection

Method Fisher FSV L0 MI R2W2 RFE BAHSIC
WL-6 10± 4.5 2± 2.0 0± 0.0 6± 3.1 0± 0.0 0± 0.0 0± 0.0
WL-2 57± 3.7 58± 5.3 2± 1.3 18± 2.9 54± 6.5 2± 1.3 1± 1.0

Brain Computer Interface Data
Classification error on BCI data selecting frequency range.

Subject aa al av aw ay
CSP (8-40Hz) 17.5± 2.5 3.1± 1.2 32.1± 2.5 7.3± 2.7 6.0± 1.6
CSSP 14.9± 2.9 2.4± 1.3 33.0± 2.7 5.4± 1.9 6.2± 1.5
CSSSP 12.2± 2.1 2.2± 0.9 31.8± 2.8 6.3± 1.8 12.7± 2.0
BAHSIC 13.7± 4.3 1.9± 1.3 30.5± 3.3 6.1± 3.8 9.0± 6.0
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Microarray Feature Selection

Binary Classification (NCBI Omnibus)

Multiclass Classification (NCBI Omnibus)
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Feature Extraction

Goal
Given a set X find a set Y ⊆ Y such that the dependence
between X and Y is maximized.

Y ∗ = argmax
Y∈Y

tr K̄ L(Y ) subject to constraints on Y

Here we define K̄ = HKH as the centered kernel.
Information Extraction

Find set Y which retains maximum information about X .
Two Problems

Efficient algorithm
How to define L(Y )
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Special Cases

(Kernel) Principal Component Analysis
Y = R and require ‖y‖ = 1.

Discriminant Analysis
Projections of X onto Y with constraints on projection.

Clustering
Y = [1, . . . , k ]. We can add structure if we want.

Segmentation and time-series PCA
Maximize dependency for random variables with Markovian
structure. φ(x) decomposes along maximal cliques.

Independent Features
Maximize dependency while retaining independence from
known disturbances.
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More Details

Permutation Matrix

L = ΠAΠ> where Π1 = 1 and Πij ∈ {0,1}

Πij assigns observation i to cluster j for Πij = 1.
Cluster Kernel Matrix

Design A such that a desired similarity measure is satisfied.
Examples

n-means requires diagonal A.
Values of the diagonal entries specify the cluster size
Hierarchies, chains, rings with suitable label kernel
matrix as imposed by the algorithm.
By relaxing L(Y ) to subspaces we get spectral clustering
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Structure
Hierarchies

A =

[
1 0
0 1

]
⊗
[

2 1
1 2

]
Chain

A =

 2 1 0
1 2 1
0 1 2


Ring

A =


2 1 0 1
1 2 1 0
0 1 2 1
1 0 1 2


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Hierarchical Image Data
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Hierarchical Image Data
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Weinberger’s Teapot (k -means)
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Weinberger’s Teapot (ring)
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Numerical Taxonomy
Learning the Kernel

Find a suitable kernel in addition to the cluster assignment.
Optimization

Continuous relaxation of the assignment problem
Find suitable kernel matrix subject to normalization
Approximate this matrix with a tree metric (numerical
taxonomy algorithms are plenty).
Iterate . . .

c, H(l|c), which is related to mutual information by I(l; c) = H(l) −H(l|c). As H(l) is fixed for
a given dataset, argmaxc I(l; c) = argminc H(l|c), and H(l|c) ≥ 0 with equality only in the case
that the clusters are pure [9]. Table 1 shows the learned structure and proper normalization of our
algorithm results in a partition of the images that much more closely matches the true identities and
expressions of the faces, as evidenced by a much lower conditional entropy score than either the
spectral clustering approach of [19] or the dependence maximization approach of [20].

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 1: Structures used in the optimization of [20]. The clusters are identified with leaf nodes, and
distances between the clusters are given by the minimum path length from one leaf to another. Each
edge in the graph has equal cost.

spectral a b c d e f g h taxonomy
0.5443 0.7936 0.4970 0.6336 0.8652 1.2246 1.1396 1.1325 0.5180 0.2807

Table 1: Conditional entropy scores for spectral clustering [19], the clustering algorithm of [20],
and the method presented here (last column). The structures for columns a-h are shown in Figure 1,
while the learned structure is shown in Figure 2. The structure for spectral clustering is implicitly
equivalent to that in Figure 1(h), as is apparent from the analysis in Section 3.1. Our method exceeds
the performance of [19] and [20] for any of the structures.

5.2 Numerical Taxonomy Clustering

For these experiments, we used the algorithm described in Section 4 to discover in an unsupervised
way a tree structure that fits the data. Figure 2 shows the results for the face dataset, where the
length of the edges is proportional to the distance in the tree metric (thus, in interpreting the graph,
it is important to take into account both the nodes at which particular clusters are connected, and the
distance between these nodes; this is by contrast with Figure 1, which only gives the hierarchical
cluster structure and does not represent distance). Our results show we have indeed recovered an
appropriate tree structure without having to pre-specify the cluster similarity relations.

Figure 2: Face dataset and the resulting taxon-
omy that was discovered by the algorithm

f

g

h

d

e

c

b

a

Figure 3: The taxonomy discovered for the NIPS
dataset. Words that represent the clusters are
given in Table 2.
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Representative Clusters on NIPS Dataset

a b c d e f g h
neurons chip memory network training state function data
cells circuit dynamics units recognition learning error model
model analog image learning network policy algorithm models
cell voltage neural hidden speech action functions distribution
visual current hopfield networks set reinforcement learning gaussian
neuron figure control input word optimal theorem likelihood
activity vlsi system training performance control class parameters
synaptic neuron inverse output neural function linear algorithm
response output energy unit networks time examples mixture
firing circuits capacity weights trained states case em
cortex synapse object error classification actions training bayesian
stimulus motion field weight layer agent vector posterior
spike pulse motor neural input algorithm bound probability
cortical neural computational layer system reward generalization density
frequency input network recurrent features sutton set variables
orientation digital images net test goal approximation prior
motion gate subjects time classifier dynamic bounds log
direction cmos model back classifiers step loss approach
spatial silicon associative propagation feature programming algorithms matrix
excitatory implementation attractor number image rl dimension estimation

Table 2: Representative words for the NIPS dataset clusters.

For the NIPS dataset, we partitioned the documents into k = 8 clusters. Results are given in Figure 3.
To allow us to verify the clustering performance, we labeled each cluster using twenty informative
words, as listed in Table 2. The most representative words were selected for a given cluster according
to a heuristic score a

c − b
d , where a is the number of times the word occurs in the cluster, b is the

number of times the word occurs outside the cluster, c is the number of documents in the cluster,
and d is the number of documents outside the cluster. We observe that not only are the clusters
themselves well defined (e.g cluster a contains neuroscience papers, cluster g covers discriminative
learning, and cluster h Bayesian learning), but the similarity structure is also reasonable: clusters d
and e, which respectively cover training and applications of neural networks, are considered close,
but distant from g and h; these are themselves distant from the neuroscience cluster at a and the
hardware papers in b; reinforcement learning gets a cluster at f distant from the remaining topics.
Only cluster c appears to be indistinct, and shows no clear theme. Given its placement, we anticipate
that it would merge with the remaining clusters for smaller k.

5.3 Unnormalized vs Normalized Dependence Criteria

Finally, we have made use of the HSNIC objective to see the relationship between the normalization
in HSNIC and the discovered taxonomies. An important issue in the application of HSNIC is the
estimation of appropriate regularization parameters. Bach and Jordan have suggested that a small
constant, κ ≈ 10−3, times the number of samples (εk = nκ) is appropriate in the context of
independence maximization [3]. Figure 4 displays the effect on the discovered taxonomy of varying
this constant. For these experiments, we imputed the true partition matrix, Π∗, and solved for the
best structure matrix. We can see that smaller values of the regularization parameter tend towards
star topologies, which is equivalent to Y = I .

(a) κ = 101 (b) κ = 10−1 (c) κ = 10−3

Figure 4: The effect of varying the regularization parameter in HSNIC. Smaller values tend towards
a star topology.
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Nonparametric Sorting

Basic Idea
Given two sets of observations X = {x1, . . . , xm} and
Y = {y1, . . . , ym}, find a permutation matrix π such that
(xi , yπ(i)) is maximally dependent.

Optimization Problem

π∗ = argmax
π

tr K̄π>Lπ

Sorting as a special case
For scalar xi and yi and a linear kernel on both sets, we can
rewrite the optimization problem

π∗ = argmax
π

(
x̄>πȳ

)2

This is maximized by sorting X and Y .
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Optimization

Convexity
The objective function tr K̄π>Lπ is convex in π.

DC Programming
Compute successive linear lower bounds and maximize

π ← argmax
π′

tr
[
K̄π>L

]
π′

This will converge to a local maximum. Initialization via
clustering and KPCA.
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Aligning images to a grid
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Pairing image parts (140 out of 320)
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Layout to text
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Basic Idea

Dependence Maximization
Maximize dependence between X and Y via Euclidean
embedding, while preserving local distance information.

Optimization Problem

maximize
L

tr HKHL

subject to Lii + Ljj − 2Lij = Dij for some subset (i , j) ∈ N

Lots of variants possible to preserve metric locally. See
Weinberger et al. for lots of details.

Special Case
If we pick K = 1 we obtain Maximum Variance Unfolding.
Retain as much information as possible about each
observation.
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Examples

Newsgroups 20
Find low dimensional representation while locally preserving
distance with respect to bag of words features. Use
newsgroup labels.

NIPS Papers
Find low dimensional representation while locally preserving
distance with respect to bag of words features. Use kernel
between Author names as side information.
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Newsgroups: PCA

Fukumizu, Gretton, Smola: Painless embeddings of distributions: The function space view 39 / 46



Newsgroups: MVU
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Newsgroups: MUHSIC
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NIPS: PCA and MVU
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NIPS: Maximum Variance Unfolding
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Australian Senators
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Summary

1 Independent Component Analysis

2 Feature Selection

3 Clustering and Feature Extraction

4 Nonparametric Sorting

5 Colored Maximum Variance Unfolding
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Some References

ICASSP’03 Kernel Mutual Information
JMLR’05 Independence Measures via Kernels
ALT’05 Dependence Measure
ISMB’06 Two Sample Test for Microarrays
NIPS’06 Two Sample Test
NIPS’06 Covariate Shift Correction
ISMB’07 Feature Selection for Microarrays
ICML’07 Clustering connection
ICML’07 Feature Selection
NIPS’07 Colored Maximum Variance Unfolding
NIPS’07 Independence Test
JMLR’08 Feature Selection
ICML’08 Density Estimation
ICML’08 Estimation with summary label information
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