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Exponential Families

Exponential Families

Functions of the sort:

p(x, 0) = exp(< ¢(x), 6 > —g(0))

Where ¢(x) is a sufficient statistic: "no other statistic which can
be calculated from the same sample provides any additional
information as to the value of the parameter”
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Exponential Families

Exponential Families

p(X) 9) = exp(< ¢(X)79 > +g(9))
g(0) = log >, exp(< ¢(x),6 >) is the partition function.

g(0) = log [ exp(< ¢(x),6 >)dx if x continuous

/ p(x,0)dx = / exp(< (x),0 > —g(6))dx
= o0 (1g(0)) /exp(< #(x),0 >)dx =1

exp (g(0)) = / exp(< B(x), 0 >)dx

g0) = /og/exp(< #(x),0 >)dx




Exponential Families

Example: Bernoulli distribution
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Exponential Families

Example: Normal distribution

x—1)2
px) = = exp(“5 4
$(x) =[x, x7]
0 =14, 53]
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Exponential Families

Log Partition Function generates cumulants

Opg(0) = Op Iog/exp < ¢(x),0 > dx

[ d(x) exp < ¢(x),0 > dx
fexp < ¢(X)79 > dx

= /qb(x) exp(< ¢(x), 0 > —g(6))dx
= E[o(x)]
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Exponential Families

Log Partition Function generates cumulants

938(0)

9 / B(x) exp(< ¢(x), 0 > —g(0))dx

/ H()[6(x) T — pg(0)] exp(< (x). 8 > —g(6))dx
E[6(x)0 (xm — E[p(x)IE[$(x)] T



Exponential Families

Example: Bernoulli distribution

g(0) = log(1 + ¢%)

Elx] = 0pg(0) = 1525 = p(x = 1)

Varlx] = %3g(0) = iz = P(x = 1)p(x = 0)
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Exponential Families

Example: Poisson distribution

[e&]xe—e‘9 )\xe—)\

x| x|

E[x] = 9pg(0) = ¢’ = A

Var[x] = 92g(0) = e’ = A
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Exponential Families

Write down likelihood:
log p(X[0) = log [Ti=; p(xil0) = 211 < é(xi),0 > —g(0)

Differentiate: g log p(X;0) = m[X 3" 1 ¢(x;) — E[¢(x)]]

LS, ¢(x;) is the sample average.
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Exponential Families

For a bernoulli distribution:

#(x) = x and g(0) = log(1 + &)
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Exponential Families
Conjugate Priors

Incorporate prior is similar to adding fake data:
p(e) X p(Xfake‘H)

p(9|X) X P(XW)P(XfakeW) = P(X U Xfake|‘9)
p(0|p0, mo, X) o< p(0|po, mo)p(X|6)

ox exp(< mopo + Z(b(xi),@ > —(mo + m)g(0))
i=1
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Exponential Families
Conjugate Priors

The prior is also in the exponential family:

p(0|po, mo) = exp(mg < po,0 > —mog(6) — h(mopo, mo))
= exp(< @(0), p > —h(p)) where (0) = (6, —g(0))
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Exponential Families

MAP with generalized laplace smoothing

n+m EI 1 ¢(XI) nfmﬂo
For normal distribution:
MLE: =137 x;and 02 = 1377 x2 — 2

MAP:
N | n . m 2__ 1 n 2 n_ | _ 12
n= Zi:l Xj + n+mlu and 0° = n+ng Ei:l Xi + n+n0| K

n—+ng
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Exponential Families

Conjugate Priors
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