Carnegie Mellon University 10-701 Machine Learning Spring 2013

Alex Smola Ina Fiterau
Barnabas Poczos CMU - MLD

Recitation 6: Kernel SVM

SVM Revision. The Kernel Trick.
Reproducing Kernels. Examples.

Main Source: F2009 10-701 course taught by Carlos Guestrin
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SVM Primal

Find maximum margin hyper-plane f(x) = (w,z) +b =10

Hard Margin

min ||w]|?
w,b

subject to ((w,x;) + b)y; > 1
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SVM Primal

Find maximum margin hyper-plane f(x) = (w,z) +b =10

Soft Margin

: 2
, C )
mipllull®+C 3¢
1
subject to ({(w,z;) +b)y; > 1

GIAD

2/26/2013 Recitation 6: Kernels 3



Carnegie Mellon University 10-701 Machine Learning Spring 2013

SVM Dual

Find maximum margin hyper-plane f(x) = (w,z) +b =10

Dual for the hard margin SVM

it @) "= %(u, w) — Z o [((w ;) +b)y; — 1

2

053,20

o =0 — (= g oG Y; L
i
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Substituting o forw —
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SVM Dual

Find maximum margin hyper-plane f(x) = (w,z) +b =10

L(w,a)

w

(w, w)

2/26/2013

Dual for the hard margin SVM

= %(w,w 0 Zai [(Wﬂ?z) 10 ok — 1

7

aj =0
= ) aiyjzy
2
= > oz, ajy;x5)

0]
= o) haassts Uit (s )
?' ?
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Presentation Notes
Notice here that the points for which alpha is 0 are not going to change w.


Carnegie Mellon University 10-701 Machine Learning Spring 2013

SVM Dual

Find maximum margin hyper-plane f(x) = (w,z) +b =10

Dual for the hard margin SVM

lath @) "= %(w,w) = Za@ [((’LU,’EZ) +b)y; — 1

a; 20

The constraints are active for the support vectors

Vk s.t. ap >0 b=y — (w,xk)
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SVM Dual

Find maximum margin hyper-plane f(x) = (w,z) +b =10

Dual for the hard margin SVM

1
IHBX —5 Z 05 Y Y <I173', 37;,’) T Z 0%
1 0
ZO@:% =0
1
; _>_ 0
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SVM - Computing w
Find maximum margin hyper-plane f(x) = (w,z) +b =10

Dual for the hard margin SVM

InaX iy g E az(}ij,yj CC“CCJ E Of?_
8

el &4
a; > 0 sowe: 9
(PN L Q;Yili
i
b = yp— (w,xk) Vk for which oy > ()
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SVM - Computing w
Find maximum margin hyper-plane f(x) = (w,z) +b =10

Dual for the soft margin SVM

maX iy g E az(}ijbyj :CM:CJ E (y?_
E a;y; = 0
7

. i el &
only difference from _ e g
the separable case C Z o7 Z 0 So\"q ’
-
(RS 2 Q;Yi g
7
DUl =l = (e k) Vk for which C' > oy > ()
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Presentation Notes
The intuition: in the separable case, if a constraint was violated that set the corresponding alpha to infinity. Here, alpha is caped at C.

If we were to only be interested in linear classifiers, we’d be basically done.


Carnegie Mellon University 10-701 Machine Learning Spring 2013

SVM - the feature map

Find maximum margin hyper-plane f(x) = (w,z) +b =10

But data is not linearly separable ®

1
moz}x —5 Z Qi Y5 Y <$?;, $j> T Z Qi
1 1
Za@’yé =0

feature map

We’ll apply a transformation s i ik features
to a high dimensional space —

where the data is linearly £ =D ("L )

separable c R™ = RM
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SVM - the feature map

Find maximum margin hyper-plane f(x) = (w,®(x)) +b =10

But data is not linearly separable ®

1
max = E ;o Yy (P(xi), @(x;)) + E o
? {
L
E a;y; = 0
()
L
o’
We obtain a linear separator feature map
in the feature space. D i i features
N M>>m = THEE —  O(x)
m M
(I)(Qc) is expensive to compute! € R cER
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Introducing the kernel

The dual formulation no longer depends on w, only on a dot product!

1
max = Z ;o Yy (P(xi), @(x;)) + Z o7
o (2 1
Z a;y; =0
i C 2 ; 2 0

But we don’t have to!

We obtain a linear separator
in the feature space.

I M >>m

What we need is the dot product:

K (i, w5) = (@), B(x;)

Let’s call this a kernel
- 2-variable function
- can be written as a dot product

P ( 35') is expensive to compute!
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Kernel SVM

The dual formulation no longer depends on w, only on a dot product!

84

1
max —§ Z Cl{?;(},'jy?;yjj{(ﬁ‘}?;, CCJ') + Z v

K(Qﬁijﬂﬁj) — <(I)(Tz)~q)(x3)>
Za@yi =0

CZO&;EO

closed form

This is the famous ‘kernel trick’.
- never compute the feature map

- learn using the closed form K

- constant time for HD dot products

2/26/2013 Recitation 6: Kernels

13



Carnegie Mellon University 10-701 Machine Learning Spring 2013

Kernel SVM —Run time

What happens when we need to classify some x,?

Recall that w depends on «
o] vl Z iy ® (1) O.ur classifier for x, uses w
sign((w, ®(xy)) + b)

bares Y — </LU7 (I)(:I;k)>
Vk s.t. C > ap >0
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Presentation Notes
Shouldn’t the fact the we apparently need w cause a problem?
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Kernel SVM —Run time

What happens when we need to classify some x,?

Recall that w depends on «

I} A al Z s ® () Our classifier for x, uses w
sign((w, ®(xo)) +b)
brarss  gye = @ OilERDD
Vkst. C>ar >0

—

<’wa q’(fﬁo» = Z @iyiK(m[)a 5177)

Who needs w

WhElLIReWeIgO yyng b = yp— > oK (z, ;)
dot products? -

k — support vectors
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Presentation Notes
It would, if we actually needed it
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Kernel SVM Recap

Pick kernel

Solve the optimization to get a

1
3 I i "’?' I{ ‘?',, ] 02 -
mC;LX 9 Z QXYY (3’ xﬂ) 2 Z ¥ Classify as
K(a:i: :Zl.?j) = <(I)(Tz) (I’(%'» Sign(zaiy@K(ﬂ?oa 34) ki b)
ZO’-@% =30 i
C>a; >0

Compute b using the support vectors

b = %-Z%%K(ﬂ::mi)
i
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It would, if we actually needed it
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Other uses of Kernels in ML

® Logistic Regression
@ http://books.nips.cc/papers/files/nipsl14/AA13.pdf

® Multiple Kernel Boosting

@ http://siam.omnibooksonline.com/2011datamining/data/papers/146.pdf

® Trees and Kernels

@ http://users.cecs.anu.edu.au/~williams/papers/P175.pdf

® Conditional Mean Embeddings

@ http://arxiv.org/abs/1205.4656
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More on Kernels

® Gram Matrix

@ of a set of vectors x, ... X, in the inner product space
defined by the kernel K

® Gy =K(zi,z;) Vi, jel...n
® Reproducing Kernels
@ Point evaluation function for a Hilbert sp. of functions
flz)={fKs) VfeH
@ Reproducing property

def

I{(m: 3/) ~— K¢(y) - K(I,g) - K(U -’If') — <Ky: K:I:>
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SVM Pop Quiz

® What’s the maximum number of Support
Vectors for a linear classification problem?

@ Hint: it’s related to a concept you've recently studied

1-d case 2-d case

2/26/2013 Recitation 6: Kernels 19



Carnegie Mellon University 10-701 Machine Learning Spring 2013

SVM Pop Quiz

® What'’s the worst case number of Support
Vectors for a [linear] classification problem?

@ Hint: it’s related to a concept you've recently studied

1-d case 2-d case
°
YD I
°
[ )
A:it’s the same as the VC .
dimension of the classifier. .

Because we can’t have these
as support vectors in 2D
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K-SVM Pop Quiz

Here’s the result of training different kernels on this dataset

Linear Quadratic Polynomial RBF

What happens when we translate the points up
by a large constant T on the vertical axis?
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K-SVM Pop Quiz

Here’s the result of training different kernels on this dataset

Linear Quadratic Polynomial RBF

What happens when we translate the points up
by a large constant T on the vertical axis?

, , the bound depends the value of the kernel is
the bound retains relative !

y i L. more on the y value, the same for each pair of
position to points - 1t is i £ he b d I he b d i
shifted by 10 units theretore the boun poutlt.s, sot e. oun r.etams

becomes more arched position relative to points
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Reminder: midterm is on Monday, feel free to ask
questions about problems given in previous years
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