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Useful Inequalities

 Markov’s Inequality:

Non-negative r.v. Z > 0 and real a > 0

Pr(Z > a) < EZ

- a

* Chebyshev’s Inequality:
R.v. X with E[X] < oo, real a > 0

Pr(|X — E[X]| > a) < Y22(X) (Set Z = |X — E[X]|2.)




Convergence in Distribution

e Notation: z, %2 2,2z

i DEfinition: Let F,,, F be cdfs of Z,,, and Z:

lim F,(w) = F(w) Vw € R s.t. Fis continuous

n—oo




Convergence in Pt Mean, L, norm

e Notation: Z%Z. =¥ If p=2, Z, "% Z (in quadratic mean)

* Definition: For fixed p > 1, lim E[|Z,(w) — Z(w)|P] = 0

n—oo

* |ntuition:

Note that for fixed n, E||Z,(w) — Z(w)|P] is a determenistic value.
Let a,, = E[|Z,(w) — Z(w)|P]
Hence, a,, — 0



Almost Sure Convergence

e Notation: Z. = %, Z, —» Z w.p. 1

* Definition: P(weq: lim Z,(w) = Z(w)) =1

n—0oC

* |ntuition:

Let A = {w €cQ: lim Z,(w) = Z(w)}, then P(A) = 1.

n—oo

E.g. Q=[0,1], P = Unif[0, 1].

A= o o o
0 1

Q



Convergence in Probability

e Notation: 2. > 7

e Definition: ve>0 lim P(weN:|Z,(w)— Z(w)|>¢€) =0

Ve >0 lim P(|Z,—Z|>¢)=0

n—oo

n—oo

* |ntuition: ve>0v5>03Nst.n>N = P(|Z,—Z|>¢) <6
Let € > 0, 0 > 0 be given
Define A, = {w € Q: |Z,(w) — Z(w)| > €}

=
(R

1Z1(w) — Z(w)

| Z2(w) — Z(w)

|1 Z3(w) — Z(w))|




Relation Among Convergences

In Distribution

In Probability

)




Convergence in Quadratic Mean =>
Convergence in Probability

Suppose Z,, "= Z; ie., lim E[|Z, — Z|*] = 0.

n—oo



Convergence in Quadratic Mean =>
Convergence in Probability

Suppose Z,, "= Z; ie., lim E[|Z, — Z|*] = 0.

n—oo

Let € > 0, and 6 > 0 be given.



Convergence in Quadratic Mean =>
Convergence in Probability

Suppose Z,, "= Z; ie., lim E[|Z, — Z|*] = 0.

n—oo

Let € > 0, and 6 > 0 be given.

Let N bes.t. n >N = E[|Z, — Z|*] < €%



Convergence in Quadratic Mean =>
Convergence in Probability

Suppose Z,, "= Z; ie., lim E[|Z, — Z|*] = 0.

n—oo

Let € > 0, and 6 > 0 be given.

Let N bes.t. n >N = E[|Z, — Z|*] < €%

Then, by Markov’s: Pr(|Z, — Z|* > ¢%) < E“ZZQZF]



Convergence in Quadratic Mean =>
Convergence in Probability

Suppose Z,, "= Z; ie., lim E[|Z, — Z|*] = 0.

n—oo

Let € > 0, and 6 > 0 be given.

Let N bes.t. n >N = E[|Z, — Z|*] < €%

Then, by Markov’s: Pr(|Z, — Z|* > ¢%) < E“ZZQZF]

So,n >N = Pr(|Z, — 2> > €2) < ElZa 2l < &5



Convergence in Quadratic Mean =>
Convergence in Probability

Suppose Z,, "= Z; ie., lim E[|Z, — Z|*] = 0.

n—oo

Let € > 0, and 6 > 0 be given.

Let N bes.t. n >N = E[|Z, — Z|*] < €%

Then, by Markov’s: Pr(|Z, — Z|* > ¢%) < E“ZZQZF]

So,n > N = Pr(|Z, — Z|* > ¢?) < HlZnz 2] < &6 _ 5

€

Hence, Ve >0Vd > 03N st. n >N = P(|Z,—Z|>¢€) <.



Convergence in Probability =>
Convergence in Distribution

Suppose Z,, = Z; i.e., Ve >0 lim P(|Z, —Z| >¢€) =0

n—o0



Convergence in Probability =>
Convergence in Distribution

Suppose Z,, = Z; i.e., Ve >0 lim P(|Z, —Z| >¢€) =0

n—o0

Let F be cdf of Z, F,, cdf of Z,,, z be a point where F' is continuous.



Convergence in Probability =>
Convergence in Distribution

Suppose Z,, = Z; i.e., Ve >0 lim P(|Z, —Z| >¢€) =0

n—o0

Let F be cdf of Z, F,, cdf of Z,,, z be a point where F' is continuous.
Fix e > 0



Convergence in Probability =>
Convergence in Distribution

Suppose Z,, = Z; i.e., Ve >0 lim P(|Z, —Z| >¢€) =0

n—o0

Let F be cdf of Z, F,, cdf of Z,,, z be a point where F' is continuous.
Fix e > 0

F,.(z) =P(Z, < z2)



Convergence in Probability =>
Convergence in Distribution

Suppose Z,, = Z; i.e., Ve >0 lim P(|Z, —Z| >¢€) =0
Let F' be cdf of Z, F),, cdf of ZT::ZObe a point where F' is continuous.
Fix e > 0
F,(z) =P(Z, < z)
=P(Z,<z,Z<z4¢e)+P(Z,<2z,Z>2z+¢)



Convergence in Probability =>
Convergence in Distribution

Suppose Z, = Z; i.e., Ve > 0 1i_>m P(|Z,—Z|>¢) =0
Let F' be cdf of Z, F),, cdf of ZT;,, C;obe a point where F' is continuous.
Fix e > 0
Fo(z) =P(Zn < 2)
=P(Z,<z,Z<z4¢e¢)+P(Z,<z,Z>2z+¢)
<P(Z<z+4+e€)+P(Z>Z,+e¢)

Since, If A = B, then Pr(A) < Pr(B).



Convergence in Probability =>
Convergence in Distribution

Suppose Z,, = Z; i.e., Ve >0 lim P(|Z, —Z| >¢€) =0

n—o0

Let F be cdf of Z, F,, cdf of Z,,, z be a point where F' is continuous.
Fix e > 0

Fo(2) =P(Z, < 2)
=P(Z,<z,Z<z+4+e)+ P(Z,<2,7Z>2z+¢€)
<P(Z<z+e)+P(Z>Z,+e)
<F(z+e)+P(Z—-Z,>¢€)+P(Z -7, < —¢)



Convergence in Probability =>
Convergence in Distribution

Suppose Z,, = Z; i.e., Ve >0 lim P(|Z, —Z| >¢€) =0

n—o0

Let F be cdf of Z, F,, cdf of Z,,, z be a point where F' is continuous.
Fix e > 0

Fu(2) =P(Z0 < 2)
:P(anz Z<z4e)+PZ,<z,Z>z+c¢)
<P(Z<z+e€)+P(Z>Z,+e¢)
<F(z+e€)+P(Z—-7Z,>¢)+P(Z—-2Z, < —e)
=F(z+¢)+ P(|Z — Z,| > ¢



Convergence in Probability =>
Convergence in Distribution

Suppose Z,, = Z; i.e., Ve >0 lim P(|Z, —Z| >¢€) =0
n—o0

Let F be cdf of Z, F,, cdf of Z,,, z be a point where F' is continuous.
Fix e > 0

F,(z) =P

o

In<z,Z<z4€)+PZ,<2z,Z>z+c¢)
+e€)+ P(Z > Z,+¢€)

o

T
—_ o~ —~~ o~~~
N(\ZN

o

€, n <2)+P(Z<z—¢1,>2)
2) + P(|Zn = Z| > ¢)



Convergence in Probability =>
Convergence in Distribution

Hence,

Flz—e)—P(|Z—Zy|>¢) < Fp(z2) < F(z+¢€)+ P(|Z, — Z] > ¢)



Convergence in Probability =>
Convergence in Distribution

Hence,
Flz—e)—P(|Z—Zy|>¢) < Fp(z2) < F(z+¢€)+ P(|Z, — Z] > ¢)
Thus, n — oc:

F(z — ¢) < liminf F},(z) < limsup F,,(2) < F(z + €)

n—0o0 n— 00

Recall:
liminf F,(z) = lim (inf Fm(z)) < limsup F,,(2) = lim (sup Fm(z))

T— 00 n—oo \ m>n n— 00 n—00 \ ;>n



Convergence in Probability =>
Convergence in Distribution

Hence,
Flz—e)—P(|Z—Zy|>¢) < Fp(z2) < F(z+¢€)+ P(|Z, — Z] > ¢)
Thus, n — oc:

F(z — ¢) < liminf F},(z) < limsup F,,(2) < F(z + €)

n—0o0 n— 00

This holds for Ve > 0, ¢ — 0: F(z) = lim F,(2)

n—oc



Hoeffding’s Bound

Let X; for i € {1,..,n} be independent r.v. with a; < X; <b,,
and X,, = %Zz X;, then:

Pr(|X, — E[X,]| > ) < 2exp (—Z?j?bf—aﬂ?)

Union Bound

For events A;, Pr(U;A;) <> . Pr(4;)



Empirical Optimization Set-up

Let H = {hzl7 ---,hm}, D = {(Xlayl)a R (X?’L?Yn)}

Suppose we wish to find the best classifier A € H to minimize its true risk
R(h) =E[h(X) #Y].

Define:

Rn(h) = % > e H{h(X5) # Y3}
h = argmin, ., R, (h)
h* = argming, o4, R(h)

We want to bound |R(h) — R(h*)| with high probability.
To do so, we prove that supj,c4 |Rn(R) — R(h)| < € with high probability.



Bounding Worst Case With High
Probability

Pr (SuthH IR, (h) — R(h)| < e)

— Pr (weu ..... mY, |Rn(hi) — R(h;)] <e)



Bounding Worst Case With High
Probability

Pr (SuthH IR, (h) — R(h)| < e)
— Pr (w c{1,...,m}, |Rn(hi) — R(Rhi)| < e)

—1—Pr (3@ R, (hi) — R(hi)| > e)



Bounding Worst Case With High
Probability

Pr (SuthH IR, (h) — R(h)| < e)
— Pr (w c{1,...,m}, |Rn(hi) — R(hi)| < e)
—1—Pr (3@ (R, (hi) — R(hy)| > e)

=1-Pr (Ui Ry, (hi) — R(hy)| > E)



Bounding Worst Case With High
Probability

Pr (SuthH IR, (h) — R(h)| < e)
— Pr (w c{1,...,m}, |Rn(hi) — R(hi)| < e)
—1-Pr (Hi Ro(hy) — R(hi)| > e)

= 1= Pr (Ui [Rn(hs) = R(h:)| > c)

>1— ipr (|f3n(hi) ~ R(h)| > e)



Bounding Worst Case With High
Probability

Pr (SuthH IR, (h) — R(h)| < e)

— Pr (Vie{l,.

—1—Pr (3@ Ry (hy) — R(i)| > e)

—1—Pr (Ui |f3n(hz) — R(h;)|

>1 - iPr (120 (i) -
1=1

1§:Pr(
i=1

—Zl{h

) # Y} — ET{hi(X

) # Y}




Bounding Worst Case With High
Probability

Pr (SuthH IR, (h) — R(h)| < e)
— Pr (w e {1,...,mY, |Rn(hi) — R(hi)| < e)
—1—Pr (3@ Ry (h;) — R(hy;)| > e)

— 1 —Pr (ui R, (hi) — R(hy)| > e)

>1— iPr (|Rn(h,,;) — R(hy)| > e)

1ZPr(ZI{h )£ Y} —E[I{hi(X) # Y}

> 1—2mexp( 2ne )




Nearly Optimal Estimator

Suppose supy,c, | R (h) — R(h)| < € holds.

R(h*) < R(h)

R(h) =ER(X) #Y]  Ru(h) =330, I{h(X;) # Y3}
h* = argmin, ., R(h) h = argminy, ., R, (h)



Nearly Optimal Estimator

Suppose supy,c, | R (h) — R(h)| < € holds.

R(h
R, (h) +¢ since R(h) — R, (h) < e

R(h) =ER(X) #Y]  Ru(h) =330, I{h(X;) # Y3}
h* = argmin, ., R(h) h = argminy, ., R, (h)



Nearly Optimal Estimator

Suppose supy,c, | R (h) — R(h)| < € holds.

R(h) =ER(X) #Y]  Ru(h) =330, I{h(X;) # Y3}
h* = argmin, ., R(h) h = argminy, ., R, (h)



Nearly Optimal Estimator

Suppose supy,c, | R (h) — R(h)| < € holds.

R(h*) < R(h)
< Rn(h) + ¢
< Ro(h*) +¢
< R(h*) +2¢ since Ro(h*) — R(h*) <
R(h) =EW(X) #Y]  Ru(h) = £ X0, H{A(X;) # Yi}

h* = argmin, ., R(h) h=a argming, .1, Ry, (h)



Nearly Optimal Estimator

Suppose supy,c, | R (h) — R(h)| < € holds.

=3

>

*

E‘\/5”\>
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*) + 2€

Thus, |R(h) — R(h*)| < 2e

R(h) =ER(X) #Y]  Ru(h) =330, I{h(X;) # Y3}
h* = argmin, ., R(h) h = argminy, ., R, (h)



All Together

Thus, |R(h) — R(h*)| < 2¢, with probablity atleast 1 — 2m exp (—2ne?)



All Together

Thus, |R(h) — R(h*)| < 2¢, with probablity atleast 1 — 2m exp (—2ne?)

And, |R(h) — R(h*)| < 2\/10g(2m2);l09(6), with probablity atleast 1 — ¢




Thank You



Convergence in Probability =>
Convergence in Distribution

Suppose Z,, = Z; i.e., Ve >0 lim P(|Z, —Z| >¢€) =0

n—o0

Let F be cdf of Z, F,, cdf of Z,,, z be a point where F' is continuous.
Fix e > 0

o

In<z,Z<z4€)+PZ,<2z,Z>z+c¢)
+e€)+ P(Z > Z,+¢€)

o
v N

A A IA

F(z—¢)=P
€, n <2)+P(Z<z—¢1,>2)
2) + P(|Zn — Z] > €)



Convergence in Probability =>
Convergence in Distribution

Hence,
Flz—e)—P(|Z—Zy|>¢) < Fp(z2) < F(z+¢€)+ P(|Z, — Z] > ¢)
Thus, n — oc:

F(z — ¢) < liminf F},(z) < limsup F,,(2) < F(z + €)

n—0o0 n— 00

This holds for Ve > 0, ¢ — 0: F(z) = lim F,(2)

n—oc



Bounding Worst Case With High
Probability

Pr (SuthH IR, (h) — R(h)| < e)
— Pr (w e {1,...,mY, |Rn(hi) — R(hi)| < e)
—1—Pr (3@ Ry (h;) — R(hy;)| > e)

— 1 —Pr (ui R, (hi) — R(hy)| > e)

>1— iPr (|Rn(h,,;) — R(hy)| > e)

1ZPr(ZI{h )£ Y} —E[I{hi(X) # Y}

> 1—2mexp( 2ne )




Bounding Worst Case With High
Probability

Pr (SuthH IR, (h) — R(h)| < e)
— Pr (w e {1,...,mY, |Rn(hi) — R(hi)| < e)
—1—Pr (3@ Ry (h;) — R(hy;)| > e)

— 1 —Pr (ui R, (hi) — R(hy)| > e)

>1— iPr (|Rn(h,,;) — R(hy)| > e)

1ZPr(ZI{h )£ Y} —E[I{hi(X) # Y}

> 1—2mexp( 2ne )




Nearly Optimal Estimator

Suppose supy,c, | R (h) — R(h)| < € holds.

R(h*) < R(h)
< Rn(h) + ¢
< Ro(h*) +¢
< R(R™) + 2¢
R(h) =E[R(X) #Y]  Ru(h) =530, H{A(X) # Vi)

h* = argmin, ., R(h) h=a argming, .1, Ry, (h)



